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INTRODUCTION 
The turbulence characteristics of a fluid stream in a 
given duct geometry are of Interest in a wide variety of ap­
plications, For example, the dispersion of mass and heat by 
turbulent diffusion, a problem of particular interest to chem­
ical engineers, is greatly influenced by turbulent motions. 
Typical parameters used to describe homogeneous isotropic 
turbulence are intensity (average eddy velocity) and scale 
(average eddy lifetime). These parameters may be determined 
using either Lagrangian (observer moves with the fluid) or 
Eulerian (observer stationary) methods. The mixing properties 
of a turbulent fluid are directly related to, and may be pre­
dicted by, Lagrangian turbulence parameters. 
There has been, up to now, no way to measure Lagrangian 
parameters directly, Eulerian parameters have been measured 
directly using hot-wire or hot-film anemometry. The technique 
developed in this work offers a method of directly measuring 
the Lagrangian Intensity of a homogeneous isotropic turbulent 
field. 
The spin echo nuclear magnetic resonance (NMR) technique 
had been widely used to measure molecular diffusion coeffi­
cients of suitable liquids. This technique has the advantage 
that no foreign material need be added to the system to follow 
the motion of the molecules. The distinguishing characteris­
tic used in the NMR approach is the orientation of the nuclear 
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magnetic moment vector of a selected species in a system. A 
more trivial characteristic would be difficult to imagine. 
The NMR spin echo approach has been modified in this work 
to permit the measurement of diffusion in a flowing sample. 
In the case of transitional or turbulent flow, this method has 
the added advantage that measurements can be made without dis­
turbing the system physically with impact probes, hot-wires, 
or other sampling devices. Quite simply, the mean-square (MS) 
distance traveled by the molecules in a sample, in a given 
direction over a given time, is related to the peak voltage 
received by an externally located pickup coll. 
The Lagranglan intensity of turbulence is directly re­
lated to the MS distance traveled by molecules in a mass 
sample when the diffusion time is short compared to the scale. 
The NMR spin echo approach was used in this study to measure 
intensities for water flowing in a tube in Reynolds number 
range of 4000 to 7500. 
The diffusion times which could be attained in this work 
were generally shorter than the time scale of turbulence in 
the Reynolds number range investigated. It was, therefore, 
not possible to measure the scale and consequently accurately 
determine the turbulent dlffusivity. However, since the trans­
ition from laminar to turbulent flow is accompanied by an 
Increased motion of particles, an estimated or apparent value 
of the turbulent dlffusivity obtained using this technique 
3 
should provide an Indication of when the laminar-turbulent 
transition takes place and whether It is gradual or abrupt. 
Thus, one of the major purposes of this Investigation was to 
develop the NMR spin echo technique as a method for studying 
laminar-turbulent transition. Dlffuslvltles were measured for 
water flowing Isothermally In two tubes of different diam­
eters and three concentric annul1 with radius ratios of 0.2, 
0.3, and 0.5» The Reynolds number range covered was from 0 
to 4000 thus providing dlffuslvlty data through the transition 
region. 
For flow through tubes It Is usual to define the Reynolds 
number as 
In dealing with flow through uniform conduits of nonclrcular 
cross-section, it Is customary to replace the tube diameter d 
by an "equivalent diameter" d@. By analogy to the tube, the 
equivalent diameter Is taken to be four times the cross-
sectional area occupied by the fluid divided by the wetted 
perimeter on which the fluid exerts friction. 
When the entire stream Is taken as the basis of defini­
tion, the equivalent diameter of an annulus Is simply the 
difference In the diameters of the outer and Inner boundaries, 
that Is, 
(1) 
de = Zfrg-ri) ( 2 )  
4 
where r^ and rg are the radii of the Inner and outer tubes 
respectively. This basis was chosen to define the Reynolds 
number for flow In annular tubes. 
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PREVIOUS WORK 
A general Introductory discussion of the subject of 
turbulence may be found In chemical engineering texts such 
as those by Knudsen and Katz (19), Sherwood and Plgford (36), 
and Bird et al, (?)• 
An extensive treatment of the mechanisms and theories of 
turbulence Is given by Hlnze (17). Excellent reviews of meas­
urement techniques, transport processes, and nonlsotroplc 
turbulence are presented, 
Batchelor (6) provides a thorough treatment of the sub­
ject of homogeneous turbulence. Major emphasis Is placed upon 
theoretical aspects of turbulence and consequently most of 
the experimental data given are presented to substantiate the 
various theories. 
The development of the statistical theory of turbulence 
was pioneered by Sir Goeffrey Taylor (38,39,40). His classi­
cal treatment will be discussed In detail In a later section. 
A theoretical investigation of laminar-turbulent transi­
tion in pipes was made by Ryan and Johnson (31)* A stability 
parameter for transition of both Newtonian and power law non-
Newtonian fluids was defined using the critical Reynolds 
number for water In pipe flow, 2100, as a basis. The stabil­
ity criterion was derived by applying small perturbation 
theory to the Navier-Stokes and continuity equations. Using 
an analogous approach Hanks (16) developed a generalized 
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stability parameter for flow of Newtonian fluids which was 
Independent of flow system geometry. In both cases good 
agreement was found between theory and experiment when the 
fluid flow was rectilinear. 
Senecal and Rothfus (35) studied transitional flow of 
fluids In smooth tubes by making precise measurements of 
pressure drops and velocity profiles. Both velocity-distri­
bution and pressure drop data indicated the presence of 
turbulence in the fluid at Reynolds numbers slightly greater 
than 1000. The major transition to turbulence occurred in 
the Reynolds number range of 2030 to 2750. The effect of main 
stream turbulence on skin friction was very slight for Reyn­
olds numbers less than 2100. 
Another method of detecting transition to turbulence was 
used by Llndgren (21). He visually followed the motion of 
particles in the flow of blrefrlngent bentonlte suspensions 
in polished Plexiglass tubes. It was concluded that the basic 
flow was essentially laminar at Reynolds numbers below 2900. 
Rare turbulent flashes were observed at 2900 and complete 
turbulence was attained at about 3^00 Reynolds number. The 
bulk Reynolds numbers at which Llndgren reported changes in 
the flow regions were somewhat too high to be consistent with 
the velocity distribution and pressure drop data of Senecal 
and Rothfus (35) and others. It is possible that only large 
disturbance eddies could be observed in the bentonlte suspen-
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slons or that the particles In suspension had a calming effect 
on the flow, 
Stlrba and Hurt (37) studied mass transfer to falling 
llquld-fllms In tubes. Dissolution rates of slightly soluble 
solids coated on the tube walls to llquld-fllms were measured 
and It was found that the llquld-fllm was not In laminar flow 
even for Reynolds numbers as low as 300. The commonly accep­
ted critical llquld-fllm Reynolds number Is 1800 to 2000, 
The apparent liquid dlffuslvlty, the sum of molecular and eddy 
dlffuslvltles, was found to Increase exponentially In the 
Reynolds number range of 300 to 4000, 
Linton and Sherwood (22) Investigated mass transfer In 
full pipes by a method analogous to that of Strlba and Hurt. 
It was found that equations based on laminar flow correlated 
mass transfer data well up to a Reynolds number of approxi­
mately 2100. In turbulent flow, good agreement was obtained 
using the Chilton-Colburn prediction. 
An investigation of transitional phenomena in pipes and 
concentric annuli was conducted by Prengle and Rothfus (27, 
28). The behavior of dye filaments injected at various points 
in the cross sections of Plexiglass conduits through which 
water was flowing was observed. The first detectable devia­
tion from viscous flow in pipes occurred at a Reynolds number 
of 1225 + 40, At Reynolds numbers between 1225 and 2100 the 
fluid took up a sinuous motion while the edge of the laminar 
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layer gradually retreated toward the wall. At a Reynolds num­
ber of 2130 + 35 the first true disturbance eddy was cast off 
in the center of the tube. The frequency of eddy formation 
increased up to a Reynolds number of 2800 after which the 
motion appeared entirely turbulent. 
The development of turbulence In the annuli followed the 
same course as pipes. Sinuous motion occurred in the main 
stream at Reynolds numbers between 700 and 2200 to 23OO (the 
Reynolds number is based on the hydraulic radius of the outer 
tube). The first disturbance eddy was cast off at 2200 to 
2300 Reynolds number and the progression to full turbulence 
is characterized by an Increased frequency of eddy formation. 
Transition was essentially completed at a Reynolds number of 
3000. 
A very extensive study of fluid friction in noncircular 
ducts was conducted by Walker, Whan, and Rothfus (43). Pres­
sure drops due to friction were precisely measured for flow in 
a smooth tube; in six concentric annuli; and between parallel* 
flat plates. The boundaries of the transition zone were 
established using the minimum and maximum in the over-all 
friction factor versus Reynolds number curves as a criterion 
for lower and upper critical Reynolds numbers respectively. 
It was found that the lower critical Reynolds number, based on 
over-all hydraulic radius, increased sharply with radius ratio 
from an open tube value of 2040 to 2500 at a radius ratio of 
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0.l6l. After this point the lower critical Reynolds number 
Increased linearly with radius ratio to the parallel plate 
value of 2750 (radius ratio of 1.0). The upper critical 
Reynolds number followed the same pattern ranging from 2750 
for the open tube to 3300 for the parallel plate. 
Croop and Rothfus (11) studied transitional flow of water 
In four concentric annull with radius ratios ranging from 
0.062 to 0.5» Main stream velocity profiles were obtained by 
means of impact probes and the point of maximum local velocity 
was determined. These results together with previously pub­
lished pressure drop data (^3) were used to obtain friction 
factor correlations for the inner and outer surfaces as well 
as an over-all friction factor. The over-all friction factor 
correlation Indicated the critical Reynolds number, based on 
over-all hydraulic radius, to be 2500 to 2600 for the investi­
gated radius ratios. 
An investigation of the pressure drop due to friction for 
the flow of air, water, and oil through annular tubes was made 
by Atherton (5). Values of the friction factor in the transi­
tion zone were not obtained for either air or water. However, 
the transitional friction factor data for oil indicated the 
N 
critical Reynolds numbers to be 2550 to 2600 for the radius 
ratios covered. 
Martin and Johanson (23) measured the Eulerlan intensity 
and time scale of turbulence in the center of the tube through 
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which water was flowing using a hot-film anemometer. In the 
Reynolds number range, 19»000 < Ngg < l60,000, the relative 
longitudinal intensity, ratio of the square-root of the inten­
sity to the average velocity at the center of the tube, was 
found to decrease slowly with increasing Reynolds number from 
0.04 to 0.025. The Eulerian time scale decreased with in­
creasing Reynolds number from 40 milliseconds at Ng@ = 19,000 
to 12 milliseconds at Ngg - l60,000. 
Flint, Kada, and Hanratty (13) studied turbulent diffusion 
from a point source located at the center of a tube. The 
Lagrangian intensity of the turbulence at the center of the 
tube was calculated indirectly from diffusion data. The rela­
tive radial intensities varied from 0.058 at Ngg = 9,700 to 
0.039 at N{je = 83,000. It was found that disturbances pro­
duced by a tracer injector caused the results to be somewhat 
higher than those obtained from hot-wire studies. This con­
clusion was substantiated by Mickelson (24) who found close 
agreement between intensity values obtained from diffusion data 
and those found from hot-wire anemometer studies. 
Grossman and Charwat (14) measured longitudinal and 
radial turbulent intensities for water flowing in a two-inch 
pipe using a method based on electromagnetic induction. This 
method offered some advantages in sensitivity and frequency 
response over hot-wire anemometry. However, the electro­
magnetic induction method still required entering the system 
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with probes and suffered from a poor signal to noise ratio. 
At a Reynolds number of 99t000, relative radial and longi­
tudinal Intensities of 0,012 and 0.016 respectively were 
recorded at the center of the tube. Intensity profiles Indi­
cated the average relative longitudinal Intensity was about 
0.018# while the radial value was 0,011, 
Longitudinal Intensities were measured In the flow of 
toluene, benzene, and cyclohexane In smooth 1 and 2-lnch tubes 
by Patterson and Zakln (26). These measurements were made 
with a constant-temperature, hot-film anemometer. The rela­
tive intensity at the center of the tube decreased slowly with 
Reynolds number ranging from 0.037 at Ngg = 8,240 to 0.030 at 
Nge = 200,000. No significant viscosity effect was noted for 
the solvents used. An estimate of the overall average inten­
sity across the tube obtained from a partial intensity profile 
given at NRQ = 33,000 was about 50% higher than the center 
point value, 
Sandborn (32) measured longitudinal and radial intensi­
ties for air flowing in a 4-lnch diameter pipe using a hot­
wire anemometer. The relative longitudinal Intensity at the 
center of the tube decreased from 0,035 at Ngg = 25,000 to 
0,024 at = 150,000 while the relative radial Intensity 
decreased from 0,029 to 0,023 over the same range of Reynolds 
number. Estimated overall average radial intensities obtained 
from partial profiles at Reynolds number of 25,000 and 50,000 
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were about 20% higher than the corresponding center point 
values. 
An investigation of turbulence for air flowing in a 5-
inch square channel was made by Laufer (20) using a hot-wire 
anemometer. In the Reynolds number range, 12,000 < Ngg < 
62,000, the relative longitudinal intensity at the center of 
the channel decreased from 0.032 to 0.02? while the relative 
radial intensity ranged from 0.025 to 0.021. 
Seagrave (34) studied mass transfer in turbulent liquid 
streams using water as the bulk fluid. Dye was injected into 
the water stream and samples were taken at a distance far 
enough downstream so that the eddy diffusivity had become a 
constant. The concentration of dye in each sample was deter­
mined colorimetrically. Average radial and axial eddy dif­
fusivity components were reported. Variation of the average 
radial diffusivity was linear with Reynolds number over the 
range covered from 3000 to 7500. 
Johnson (18) measured apparent radial diffuslvities, sum 
of molecular and turbulent diffuslvities, for water flowing in 
a tube using the spin echo NMH technique. One of the basic 
reasons for calling the results apparent was that the eddy 
diffusivity was assumed constant for diffusion times short 
compared to the time scale of the turbulence. The apparent 
eddy diffusivity values increased linearly with Reynolds 
number in the range 1060 < Njjg < 6?60. It was found that 
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the apparent eddy dlffuslvlty was significantly greater than 
the molecular dlffuslvlty for Reynolds numbers as low as 
1060. 
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DIFFUSION IN HOMOGENEOUS ISOTROPIC TURBULENCE 
Turbulence may be defined as an Irregular motion which 
makes its appearance in fluids when they flow past solid 
boundaries or surfaces or even past neighboring streams of 
the same fluid. These irregular motions will prevail even at 
"steady state" if the flow system is in a turbulent condition. 
At steady state, however, the average of any particular prop­
erty (velocity, concentration, etc.) over an adequate period 
of time will be constant. 
When the turbulence has quantitatively the same structure 
at all points in the flow field it is referred to as homogene­
ous turbulence. If the statistical features of the turbulent 
field have no preferred direction, the turbulence is said to 
be isotropic. In general, these two special types of turbu­
lence are not independent but exist simultaneously, i.e. it is 
nearly impossible to have turbulence which is isotropic if it 
is not also homogeneous and vice versa. Thus, the assumption 
of homogeneity is implicit in the following discussion of iso­
tropic turbulence. 
Isotropic turbulence is the simplest form of turbulence 
since no preference for any specific direction occurs and a 
minimum number of quantities are required to describe its 
structure and behavior. However, it is a hypothetical type 
of turbulence because no actual turbulent flow shows true 
Isotropy, though it can be approached by placing a grid 
15 
network In the fluid stream. But, even If the non-lsotroplo 
large scale structure of an actual turbulent field is consid­
ered, it is often possible to treat such turbulence, for 
purposes of a first approximation, as if it were isotropic. 
Differences between results based upon assumed isotropy and 
actual results are often sufficiently small to be negligible 
In the first approximation and are often smaller than the 
spread of experimental data (17). Thus, in this work an iso­
tropic turbulent field has been assumed. 
The classic development of Taylor (38,39,40) for diffu­
sion in homogeneous isotropic turbulence will now be summar­
ized since this approach was used to analyze the data. 
A homogeneous isotropic turbulent field is assumed with 
a number of fluid particles starting at the same time from 
different positions. The fluid is flowing in the x direction 
and motion in the z direction will be followed. If the turbu­
lent velocity of a single particle in the z direction is v(t), 
the displacement of a single particle after a time t is 
Since v(t) is a random quantity, averaged for a large number 
of particles, Z(t) = 0, However, the mean-square displace­
ment, or variance will not be zero. The mean-square displace­
ment is given by 
v(t)dt 
t 
(3) 
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z^(t) = C dt2 C dt^ vTtJTvTtJT (4) 
/o /o 
where vft^) Is the velocity of the particle when t = 0 and 
v(t2) is the velocity when t = t. 
The velocities In the two Instances are not Independent 
but are more or less correlated. Therefore, the Lagranglan 
correlation coefficient Is introduced 
R(ti,t2) = v(ti)v(t2)/v^ (5) 
where v^ Is the mean-square turbulent velocity. If the flow 
field is steady, i.e. v(ti)v(t2) is a function of the differ­
ence, t2 - t^, and not of t2 or t^ alone, then 
R(s) = v(t^)v(tjL+s)/v2 (6) 
where s = t2 - t^. 
Substitution of R(s) into Equation 4 yields 
Z^(t) = Ç dt2 Ç dt^ v^R(s). (7) 
Since R(s) is an even function, integrating by parts yields 
Z^(t) = 2v^ C (t-s)R(s)ds, (8) 
/o 
As time approaches zero, the correlation coefficient 
approaches unity and the above Integral approaches 
Z^(t) = v^t^. ' (9) 
If long periods of time are considered such that t > t*, 
where t* is the time at which R(s) approaches zero. Equation 
8 reduces to 
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Z^(t) = 2tv2 \ R(s)ds (10) 
o 
The constant value of the Integral Is called the Lagranglan 
time scale 
T Is usually considered as a measure of the average time a 
particle persists in motion in a given direction and is often 
called the average eddy lifetime. 
For times long compared to the time scale an eddy dif-
fuslvity may be defined as 
This has been defined by analogy to the definition of the 
molecular diffusion coefficient first given by Einstein, 
(11) 
= Z^(t)/2t = v^T. (12) 
D = zVzt. (13) 
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SPIN ECHO NMR TECHNIQUE 
Basic Concepts of NMR 
The observation of nuclear magnetic resonance phenomenon 
depends upon the fact that many nuclei behave as tiny magnets 
with properties of a gyroscope. In this work water Is the 
fluid used and hydrogen Is the nuclei of Interest. When 
placed In a strong magnetic field the magnetic moment of 
a spinning hydrogen nucleus tends to align Itself with the 
direction of the magnetic field but, because it also experi­
ences a torque, the moment precesses about the direction of 
the applied field. The frequency of a precession a> ^  is 
directly related to the magnetic field strength HQ by 
coo = YHq (14) 
where y the gyromagnetic ratio is defined as the ratio of the 
magnetic moment to the nuclear angular momentum. 
A radio frequency (rf) current passed through a short 
coll wound axlally about a cylindrical tube in which a water 
sample is placed will generate a rf magnetic field H^. The 
Hj magnetic field will cause transitions between energy levels 
of some of the nuclei by increasing the angle between the 
resultant magnetic moment vector represented by M and the 
direction of the magnetic field. This process is called nuta­
tion. Figure la Illustrates combined precession and nutation 
in a fixed coordinate system. In nuclear magnetic resonance 
studies it is customary to describe the precession and 
19 
ANGLE OF 
NUTATION 
w« 
nuclear 
system 
in the 
Combined precession and nutation of the 
magnetic moment In the fixed coordinate 
Nutation of the nuclear magnetic moment 
rotating coordinate system 
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nutation In a rotating coordinate system (44). By transform­
ing to a rotating system having angular frequency «o the 
combined process of nutation and precession Is reduced to 
pure nutation as Illustrated by Figure lb. 
The theory of NMR is dealt with in greater detail In 
books by Andrew (3) and Abragam (1) as well as many papers 
such as those by Pake (25), Pureel (29), and Block (8), 
Generation of the Spin Echo 
The pulsed NMR method known as the spin echo technique 
was developed by Hahn (15) In 1950 and later modified by Carr 
and Purcell (10). By this technique radio frequency (rf) 
radiation is applied by way of a coll In two short bursts; 
the first being called a 90® pulse and the second a 180° 
pulse. The sequence of events leading to the formation of 
the spin echo is illustrated in Figure 2. 
When a sample containing hydrogen nuclei is placed in a 
strong magnetic field, a net magnetization vector in direc­
tion of the magnetic field Is generated (Figure 2a). This net 
magnetization vector is composed of a component of each nucleus 
in the direction of the applied field summed over all of the 
nuclei within the volume of the coll. An rf pulse of the 
proper magnitude to tip the magnetization vector through 90° 
into the perpendicular plane is applied (Figure 2b). 
Immediately following this 90® rf pulse, the magnetiza­
tion vector is left processing about static field Inducing the 
21 
t=0 90" 
^ (a) (b) 
ton®* t <T 
T< t,8o*<t<2T 
%' (e) 
f=2T 
Figure 2. Sequence of events In the generation of a spin echo 
with field Ho along z-axls and x*,7'-plane rotating 
about z-axls at mean resonant frequency 
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maximum available signal In the pickup coll. The free preces-
slonal signal decays for a number of reasons. The magnetiza­
tion vector tends to return to equilibrium with the static 
field, a first order process with time constant T]^, the spin-
lattice releucation time •_ The precessing nuclei making up the 
magnetization vector lose phase coherence because of energy 
interchanges within the spin system, usually a first order 
process with time constant T2, the spin-spin relaxation time, 
and Inhomogeneltles in the static field producing a distribu­
tion of precessional frequencies across the sample. Primarily 
as a result of field inhomogeneity, the free precessional 
signal is destroyed in a short time (10"^ to 10"3 sec.) as the 
tiny magnets fan out in the perpendicular plane, some pre­
cessing faster, some slower than the average (Figure 2c). 
At a time T < T^, T2, a second rf pulse of sufficient 
magnitude to rotate each nuclear magnet through 180° is 
applied. As a result of this reflection, those nuclei which 
had attained a phase lead are now lagging and vice versa 
(Figure 2d). The phase coherence lost because of field 
inhomogeneltles is now regained at the same rate at which 
it was lost (Figure 2e). 
As phase coherence is re-established, a signal is again 
generated in the pickup coil with the maximum amplitude 
occurring at time 2T (Figure 2f), after which phase coherence 
is lost again. The peak amplitude of this "spin echo" is 
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less than that of the 90® free precessional signal because of 
spin-lattice and spin-spin relaxation. Figure 3 Is a repre­
sentation of an oscilloscope trace of the 90®-l80° pulse 
sequence and the spin echo. 
Effect of Molecular Diffusion 
The effect of diffusion has been neglected in the pre­
ceding development. If a sample Is in a non-uniform magnetic 
field and diffusion occurs, the average magnetic field seen 
by a given nucleus between times 0 and T is not necessarily 
the same as the average magnetic field seen by this nucleus 
between time T and 2T, Thus, the phase gain between 0 emd T 
is not, in general, the same as the phase loss between t and 
2T and the number of nuclei brought back into phase at 21* is 
reduced. Thus, the effect of diffusion is to reduce the 
voltage induced in the coil by the spin echo. 
Hahn (15) first derived an expression for the effect of 
molecular diffusion on the spin echo from a 90®-90° pulse 
sequence using a phase probability function to account for 
movement. Carr and Purcell (10) approximated molecular dif­
fusion by a random walk and obtained a similar expressif for 
the attenuation of a spin echo from a 90*-l80° pulse sequence. 
Experimental results were In good agreement with the theo­
retical relationships. Classical mechanics techniques were 
applied to the 90°-l80® system by Torrey (41). The expression 
I 
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Figure 3a. The 90® and 180® pulses as viewed directly on the 
oscilloscope 
Figure 3b. Oscilloscope trace of the 90®-180® pulse sequence 
and spin echo signal 
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was again confirmed by Douglass and McCall (12) using a prob­
ability density function to describe the phase distribution. 
This approach will be used in this development. 
The phase of the magnetic moment at a time t* > T where 
T is the time of the 180® pulse is introduced is given by 
0' = Y ( J H(t)dt - 0 H(t)dt) (15) 
o 4 
where y is the gyromagnetic ratio. 
If the sample resides.In a uniform magnetic field grad­
ient 
H(t) = HQ + Gz(t) (16) 
where HQ is the static field parallel to the z-azls, z(t) is 
the instantaneous position in the z direction measured from 
the axis of the tube, and G is the field gradient in the z 
direction. This arrangement is illustrated by Figure 4. 
Substitution of Equation 16 into Equation 15 yields 
0' = yG( f z(t)dt - z(t)dt) + YHo(2T-t*) (1?) 
O T 
Let 0Q = YHo(2T-t') then 
0 = 0' - = yG( r z(t)dt - f z(t)dt) (18) 
o o 
where 0 is now the phase of the precessing moment relative to 
the phase of a moment in the static field, i.e. relative to a 
moment located at z = 0. The signal Induced in the pick-up 
coil is proportional to the resultant magnetic moment which 
25a 
1 < \ 
H(Z)= Ho+GZ 
Z(f)=Z(t)-Z 
{X(t).Y(t),Z(t)) 
(XofYo (Zq) 
Figure 4. Displacement of a particle In a sample flowing with 
average velocity Û where Z(t) Is component of dis­
placement which Is measured 
25b 
is rotating in a plane perpendicular to the applied magnetic 
field. Carr and Purcell (10) have shown by considering all 
possible paths of the molecules the resultant magnetic moment 
is given by 
^oo 
M = MQ \ p(0)co8(0)d0 (19) 
/- CD 
Where p(0) is the probability density of moments having rela­
tive phase 0 and the integral accounts for attenuation by 
diffusion. 
It is possible to compute p(0) from Equation 18 by first 
defining a moment or molecular coordinate 
Z(t) = z(t) - ZQ (20) 
where ZQ is the initial position of the precessing moment 
being followed. Substituting Equation 20 Into Equation 18 
one obtains 
0 = YG( Ç Z(t)dt - f Z(t)dt + YGZo(2T-t') (21) 
/o ^ 
C t' 
Let #1 = vG( J Z(t)dt - \ Z(t)dt) then 
'o 'T 
0 = #1 + YG(2T-t')Zo. (22) 
Since 01 and ZQ are independent variables In the statistical 
sense (2) p(0) becomes 
p(0) = g(0i)h(Zç) (23) 
where g(0i) and htzg) are probability densities for the respec­
tive variables. 
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Z{t) is the position of the diffusing particles that 
starts at Z s 0 at time t = 0. Thus, the probability density 
for Z(t) is the solution of the ordinary diffusion equation 
Here c may be thought of as the concentration of in-phase 
molecules neglecting relaxation effects. If the size of the 
sample is large compared to the distance a precessing moment 
moves during the course of the experiment, then 
c = (2nDt)-&exp(-z2/4Dt). (25) 
The probability density for the integral of a variable which 
has a Gaussian distribution is also Gaussian (2). Therefore, 
g(0l) = (26) 
Where the mean-square of 0^ is defined by 
0? = y^g2( ( Z(t)dt - Z(t)dt)2) (2?) 
^ -b 4 
The averaging process may be accomplished in the follow­
ing manner (12), 
0? = y^G^( Ç ds Ç dx Z(x)Z(s) - 2 ^ dx J dsZ(x)Z(s) 
(28) 
ft' rt' 
+ ) dx ) ds Z(x)Z(s) ) 
o X) 
where Z(x)Z(s) = Z^(x) if x < s 
-2 (29) 
Z(x)Z(s) ss Z (s) if X > s 
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and Z^(t) = 2Dt. (30) 
Making use of Equation 29 and subdividing Integrals to account 
for discontinuities In time space when necessary (12) 
= y^G^( Ç ds( Ç dxZ^(x) + C dxZ^(s) ) 
4) ^ 's 
(31) 
r T ft' _2 rt' rx .g rt* -2 
-2 I dx J dsZ (x) + \ dx(\ dsZ (s) + j dsZ (x))) 
4) T T X 
Substituting Equation 30 Into Equation 31 and Integrating 
0^ = + t'3/6). (32) 
For a cylindrical sample with the field gradient perpen­
dicular to the axis (12) 
h(Zo) = (2/Trr2^)(r2^-Zo)^ ^o ^  ^2 (33) 
h(Zo) = 0 Zq > r2 
where rg is the radius of the cylinder. Making use of Equation 
26 and Equation 33 one may integrate Equation 19 to obtain 
(12), 
M = Moexp(-0^/2)J^(YGr2(2T-t')/YCJr2(2T-t'). (34) 
where is a first order Bessel function. 
Setting t* = 2T and using Equation 32 
M = Moexp(-2Y^G^'»'3D/3). (35) 
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Effect of Turbulent Diffusion 
An exact theory to predict the role of molecular diffu­
sion In the turbulent diffusion process Is not yet available. 
Taylor (40) suggested that the turbulent and molecular dif­
fusion processes are Independent and additive. Assuming 
Taylor's theory is correct the total mean-square distance 
traveled by a molecule In turbulent diffusion would be given 
by 
z/(t) = z/(t) + ZE^ (t) (36) 
» o 2 
where Zjj (t) and Zj (t) are the components of the mean-square 
displacement due to molecular and turbulent diffusion respec­
tively. 
If it Is assumed that the diffusion time is long compared 
to the average lifetime of the initial disturbances an apparent 
or total diffusivity may be defined as 
c = (Dfe) = ZT^(t)/2t. (37) 
The equation relating apparent diffusivity and the re­
sultant magnetic moment for the mass sample by analogy to the 
development for the effect of molecular diffusion, becomes 
M = Moexp(-2Y^G^êTV3) (38) 
The basis for the calculation of an apparent diffusivity 
was the assumption that the average lifetime of the disturb­
ances was short compared to the diffusion time. As the transi­
tion to turbulence takes place, the average lifetime of an 
29 
eddy becomes greater than the diffusion time which can be 
achieved using the NMH technique and an accurate estimate of 
the total diffusivity can no longer be obtained. However, if 
the diffusion time is reduced until it is short compared to 
the average disturbance lifetime, the Lagrangian intensity of 
the turbulence may be measured. 
Recall that when the diffusion time is short compared to 
the scale of the turbulence the mean-square turbulent dis­
placement is given by 
Z^(t) = v^t^ (9) 
2 
where v is the Lagrangian intensity. It has been found that 
Z(t) follows a Gaussian distribution for all measureable time 
for diffusion from a point source (9). The Gaussian distribu­
tion should be followed by Z(t) in this work, even though the 
diffusion is not from a single source, since the displacement 
of particles during the course of the experiment will be small 
compared to the size of the tube. Therefore, one may substi­
tute Equation 9 into Equation 31 and integrate to obtain the 
mean-square phase dispersion due to turbulent diffusion. 
0^ = Y^G^V^(V3t^ - V3 T^t' + 1/6 t'4) (39) 
Substitution of Equation 39 into Equation 3^ and letting t' = 
2T yields 
M = Moexpt-^Y^GZvZT^/j), (40) 
This equation relates the Lagrangian intensity of the 
turbulence to the resultant magnetic moment of the sample. 
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Effect of Plow 
In the preceding development for the effect of molecular 
and turbulent diffusion upon the spin echo, attenuation of the 
signal due to flow has been neglected. There are two causes 
of attenuation due to flow. First, some of the fluid exposed 
to rf radiation leaves the sample coll during the time 2r and 
is replaced by unexposed molecules which do not contribute to 
the signal. Second, the net magnetization vector approaches 
an equilibrium alignment with time constant T-j^, but if the 
sample is flowing with an average velocity U, the nuclei will 
have only d^/Û seconds to reach equilibrium. Figure 5 is an 
illustration of the coil-magnet system and shows d^, the dis­
tance traveled by nuclei in the magnetic field before entering 
the sample coil. 
Arnold and Burkhart (4) have described the attenuation 
of the signal due to flow, taking into account the velocity 
profile. Including the effect of diffusion and spin-spin 
relaxation, the spin echo amplitude from a flowing sample 
is given by 
E = EO(l-2TU/L)(l-exp(-di/5TI))exp(-2Y^G^T3ic/3.2TT2) (4l) 
where (1-2TÛ/L) accounts for loss of exposed nuclei and 
(l-exp(-di/UTi) accounts for the non-equilibrium condition 
of the net magnetization vector. 
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Figure 5. Coil-magnet physical configuration for measuring 
magnitude of spin écho signal from a flowing 
sample 
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Calculation of Diffusion Parameters In a Plowing Sample 
The peak amplitude of the spin echo from a flowing sample 
may be expressed as 
E = EoA(2T)exp(-2Y^G^T3îc/3) (42) 
where A(2T) describes the attenuation of the spin echo by 
effects other than diffusion and k accounts for diffusion 
effects and equals D, ë, or depending upon flow rate. 
The traditional technique for obtaining k experimentally 
is to plot ln(S/A(2T)) versus (2t)3 and calculate k from the 
slope (10,12). A(2T) is determined by measuring spin echo 
amplitudes in the absence of a gradient. Woessner (45) pro­
posed another method in which E is measured as a function of 
G at a fixed value of 2T. The slope of a plot of the In £ 
versus is used to calculate k. This procedure offers more 
simplicity in operation since the pulse sequence timing need 
not be changed and A(2T) need not be measured explicitly. 
The gradient plot method was used in this work. 
In both the gradient plot and time plot methods, G must 
be controlled and accurately measured. The gradient is most 
readily controlled when produced by a pair of colls lying 
parallel to the x,y plane with the sample between them (10, 
45). The coils are connected in series and wound In opposite 
directions so that the average field strength over the sample 
does not vary with gradient. Controlled current is provided 
by a dc power supply. The gradient can be accurately measured 
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by observing the shape of spin echo* With gradient perpen­
dicular to the axis of a cylindrical sample, the shape of the 
spin echo Is given by 
Jl(YGtr2)/YGtr2 (43) 
where Is a first order Bessel function (10). The value of 
G can be calculated by determining the time between the first 
two minima on each side of the spin echo. 
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EXPERIMENTAL WORK 
NMR Equipment 
A diagram of the NMR circuit Is shown In Figure 6, The 
equipment consisted of the following components: 
1). Electromagnet - Varlan Associated Model V-3700-1 
water cooled magnet, 6-lnch diameter cylindrical 
pole caps, 1 1/4-lnch air gap, field deviation 
not to exceed 0.1 gauss within 2.7 centimeters of 
pole cap axis; Varlan Associated Model V-2900, 
2KW power supply, current regulation to within 10 
ppm for + 10$ line or load changes, field ripple 
less than 10 mllllgauss peak-to-peak In air gap. 
2). Trigger Pulse Generator - fbgnlon. Inc. Model PG-
302 pulse programmer. Individual pulse width con­
trol from 1 to 110 microseconds, delay time range 
100 microseconds to 2 seconds, sequence recycle 
periods from 10 milliseconds to 20 seconds auto­
matic with manual option. 
3). 10 MC/S Exciter - Magnlon, Inc. Model TF-311# 10 
watt power output. 
4). Gated Amplifier - Arenberg Ultrasonics pulsed 
oscillator Model PG-650-C, converted to gated 
amplifier operation, 100 watts peak power output. 
5). Balanced Tuning Circuit - twin coll balanced net­
work. 
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Figure 6, Schematic diagram of spin echo NMR circuit 
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6). Preamplifier - Arenberg Ultrasonics Model PA-620-B, 
gain 35 db. 
7). Amplifier - Arenberg Ultrasonics Model WA-600-C 
wide band amplifier, gain 85 db., 10 volt maximum 
detector stage output, recovery from extreme 
overload In less than 0.1 millisecond. 
8), Oscilloscope - Tektronix, Inc. Type 561 with a 
Type 3A1 DC to 15 MC/S amplifier and a Type 3B3 
Time Base with delayed sweep triggering. 
9). Boxcar Integrator - Princeton Applied Research 
Model CW-1, 10 volt maximum output with input 
sensitivity adjustable from 0.2 to 100 volts, 
time base range from 10 microseconds to 1 second, 
gate width adjustable from 10 to 100# of time 
base, and time constant range 0.1 millisecond to 
100 seconds. 
10 ). Digital Voltmeter - Hewlett Facloird Model 3440A 
with a 3443A high gain-auto range plug-in unit, 
five digit read-out with voltage ranges of 10, 
100, and 1000 volts and accuracy of better than 
0,05% of reading. 
Circuit components numbers 2 through 8 were operated from a 
Sorenson Model ARC 1000 AC regulator providing supply voltage 
regulation to + 0.1$. 
The pickup coll consisted of 11 turns of Number 20 
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nyclad copper wire 3/8 inch in length with an inside diameter 
of 0.475 inches. The gradient coils had 12 turns each of 
Number 20 nyclad copper wire with a mean radius of 0.625 inch 
and a mean separation of 0.520 inch. The arrangement of the 
pickup coil-sample coll system is illustrated by Figure 7. 
Direct current was supplied to the gradient coils by a Lambda 
Model LH 127 PM current regulated power supply giving current 
regulation to + 0.03#. The resistance of the colls wired in 
series was 0.09 ohms. The maximum current required for exper­
imental work was 0.4 amperes giving a maximum power dis­
sipation of 0,032 watts in the coils. The entire coll arrange­
ment was mounted on a split plexiglass block having the overall 
dimension of 2 3/4" x 2 3/4" x 1 1/8". The plexiglass block 
was held rigidly in the center of the magnetic field by a 
brass support arm bolted to the magnet frame. 
Plow System 
The gravity flow system used in this study is shown 
schematically in Figure 8. Steady flow of water at room tem­
perature was obtained from a constant head tank. The flow 
rate was measured with calibrated rotameters. Each conduit 
was supported in a vertical position by a rigid aluminum 
framework which was fitted with special clamps for alignment 
in the plane perpendicular to flow. 
Water was recirculated in the system using a Randolf 
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Figure 8, Schematic diagram of flow system 
40 
roller pump which added a negligible amount of heat (to the 
water). The room temperature In the area of the equipment was 
thermostatically controlled to 24°C. Consequently, the water 
temperature changed less than 0.3°C. during a set of experi­
mental observations even though It was not regulated with a 
heat exchanger. 
A total of five conduits, two tubes and three annull, 
were used In this Investigation. Each conduit was formed of 
Pyrex glass. Pertinent physical specifications for the tubes 
and annull are given In Table 1. 
Table 1. Specifications of experimental conduits 
Conduit Outer tube 
radius® 
r2# cm 
Core 
radius* 
r^, cm 
Radius 
ratio 
ri/r2 
Equivalent diameters 
for flow development 
Tube 1 0.405 0 248 
Tube 2 0.505 0 196 
Annulus 1 0.505 0.105 0.207 100 
Annulus 2 0.505 0.150 0.296 114 
Annulus 3 0.505 0.250 0.497 160 
®The standard deviation for the diameter of each tube 
was less than 0.002 cm. 
The annular tubes were formed by fitting a glass rod 
Inside a glass tube. A carefully machined Kel-F sleeve was 
placed over each end of the tube to align the tube and rod 
Into a concentric annulus. Tension was applied to the core 
4l 
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Figure 9* Sleeve arrangement to align and stress core of 
annulus 
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by means of externally located screws to prevent sagging and 
to maintain alignment during flow as Illustrated In Figure 9« 
It was established with a sliding scale microscope that the 
eccentricity of the core did not exceed 0.010 centimeters. 
Experimental Procedure 
The spin-lattice relaxation time, of the distilled 
water used In this study was rather long (~1 sec). It was 
necessary to artificially shorten by adding a small amount 
of a paramagnetic salt (MnCl2-2H20) In order to reduce signal 
attenuation due to bulk flow. A solution approximately 0.001 
molar In MnCl2-2H20 worked well. A rather complex Interaction 
between the nuclear and electron dlpoles of MnCl2 and water 
causes the shortening of T^, A more detailed description of 
the relaxation process and interaction which causes the reduc­
tion of Ti is given by Pake (25). 
The procedure for tuning NMR circuits of the type used in 
this work and the establishment of the 90°-l80® pulse sequence 
was described in detail by Schwartz (33)* After the circuit 
was tuned, each pulse width was set independently. To approx­
imate the 90° pulse, a plot was made of the peak amplitude of 
the free precessional tail versus pulse length (time). The 
90® pulse was attained at the first maximum on the resulting 
curve. 
Similarly, the amplitude of the free precessional tail 
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after the 180° pulse was plotted versus pulse length, the 
proper length being the first minimum after the first maximum 
on the resulting curve. Since the 180° pulse length is a 
sine function while the 90° pulse is a cosine function, the 
180° pulse could be established more accurately. Thus, this 
pulse was placed on the scope and a picture was taken with the 
scope camera. 
The area of the pulse was then measured with a planimeter. 
The area of the 90° pulse was then adjusted, if necessary, 
until it was half that of the 180° pulse. The 90^-180° 
sequence consisted of pulses of 5*5 and 11 microseconds in 
length, respectively. The generated rf magnetic field 
strength, H^, was 19.6 gauss. 
Calibration of the oscilloscope time base unit was 
accomplished upon its installation. The values of 2T used 
in each run were measured to + 0.05 division representing 
an accuracy of + 0.5^* 
The echo amplitudes were measured with a boxcar inte­
grator. This device is essentially a well instrumented 
capacitor which is gradually charged to the average voltage 
at that point in the wave being sampled. By repeated meas­
urements, after the gate of the integrator has been aligned 
with the peak of the echo, it is possible to accurately 
determine the maximum voltage even in the presence of consid­
erable noise. The integrator output was measured precisely 
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with a digital voltmeter. The average resolution in this 
work was approximately + 0.03 volts with most of the error 
due to minor flow fluctuations and amplifier drift. 
The gradient colls were calibrated by observing the shape 
of the spin echo in the presence of the field gradient. Re­
call that the shape of the spin echo from a cylindrical sample 
exposed to constant field gradient perpendicular to its axis 
is given by 
JI(YGr2t)/YGr2t, 
The coll system calibration was based, therefore, on measure­
ments of the time separation between the first minima on each 
side of the spin echo as shown by pictures taken of the oscil­
loscope trace. The resulting calibration curve is given in 
Figure 10 where field gradient is plotted against coll current. 
The current was measured with a Sargent Model MR recording 
potentiometer accurate to + 0.1^, The sample tube used for 
calibration had an inside diameter of 0.814 + 0.001 centimeters 
determined by a series inside micrometer measurements. A total 
of 40 observations, made over the useful range of gradient 
system, were fitted to a straight line was with most devia­
tions occurring at the higher currents. The calibration was 
checked at several points on each day experimental data were 
taken. The maximum gradient used in this study was 4 gauss/cm, 
corresponding to a Gd/Hi of 0,17. This value is well below 
the limit of Gd/Hx < 3 proposed by Woessner (45) to minimize 
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Figure 10. Calibration curve for field gradient coils 
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errors in the gradient plot method. 
The first step in making experimental observations was 
optimizing the diffusion time 2T, A value of 2T was chosen 
so that, at a particular flow rate, a reduction of at least 
2 volts in echo amplitude could be obtained for the maximum 
value of field gradient, G, available in this work. Since 
measurements were made at approximately five values of G, 
this procedure provided a minimum of 0,4 volt reduction in 
echo amplitude per observation. This limited the maximum 
error due to amplifier drift and flow fluctuations for each 
measurement to 7.5#* In most cases the voltage drop exceeded 
0,4 volts and the error was reduced accordingly. 
7^ 
RESULTS AND DISCUSSION 
Laminar-turbulent Transition 
The results of the apparent diffusivity measurements for 
the 0.81 and 1,01 cm diameter tubes are given in Figures 11 
and 12 respectively where apparent diffusivities are plotted 
as a function of Reynolds number. Data were taken at 18 to 
23 different Reynolds numbers in the range of 0 < Njjg < 4000 
to obtain each curve. Every point was replicated from 3 to 10 
times with the average number being about 5» The average 
apparent diffusivity, the root mean-square (RMS) error, and 
the diffusion time for the points In each curve are given In 
Tables 2 and 3 in the Appendix. 
A slow linear increase In diffusivity with Reynolds num­
ber in the laminar region of flow may be noted for each tube. 
This Increase was found to be proportional to the distance the 
mass sample traveled within the pickup coll. It was consid­
ered, therefore, that the Increase was due primarily to bulk 
flow effects, such as, Inhomogeneltles in the magnetic field, 
a secondary field gradient in direction of flow, and a pos­
sible misalignment of the tube in the magnet. These effects 
combine to attenuate the echo and cause an artificial Increase 
in diffusivity. 
Since the diffusion time was kept constant In this 
region, a linear Increase in diffusivity with Reynolds number 
would be expected because the distance traveled by the mass 
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Figure 11. Effect of Reynolds number upon apparent dif-
fuslvlty for 0.81 cm diameter tube 
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sample within the coil would be directly proportional to the 
velocity. It was not possible to isolate the bulk flow effect 
due to the complexity of the system. Thus no conclusion can 
be made about initial disturbances or small deviations from 
laminar flow in these tubes. 
A sharp increase in diffusivity, over and above that 
expected due to bulk flow, should occur as the transition from 
laminar to turbulent flow begins due to the increased motion 
within the mass sample. This is analogous to the marked 
change in slope noted in the friction factor versus Reynolds 
number curves when the first disturbance eddy is cast off in 
both tubes and annuli (30»35)» Therefore, the criterion 
chosen for the determination of the critical Reynolds number 
was the first measured point which produced a marked change 
of slope in the diffusivity curve. 
The critical Reynolds number could not be accurately 
established from the plots of the entire flow range investi­
gated because of the insensitivity of the scale. Therefore, 
the transition region of flow for each tube is isolated in 
Figures 13 and 14. 
The value of the critical Reynolds number obtained for 
the 0.81 cm tube, 2128, agrees well with the traditional value 
of 2100. The critical Reynolds number obtained for the 1.01 
cm tube is somewhat lower at 1913 but is still within 10^ of 
traditional value and is within of some reported critical 
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vity in the transition zone for a 1.01 cm 
diameter tube 
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values (35,43). It is possible that the spiral motion in the 
center portion of the tube noted by Prengle and Rothfus (28) 
in the range, I500 < Njjg < 2100, may have been vigorous 
enough to produce a significant increase in dlffuslvlty below 
2100, However, since no comparable change occurred in thé 
dlffuslvlty curve for 0.81 cm tube (Figure 14), this proposal 
appears inconsistent. 
Another possible cause for the low transition point 
might have been an unusually high vibration intensity. This 
tube was firmly mounted in a sturdy frame but no other pre­
cautions were taken to eliminate vibrations. 
The extent of the transition region may be estimated from 
the shape of the dlffuslvlty curves. After the initial break 
where major transition begins, increasing motion within the 
mass sample causes the slope of the curve to Increase rapidly 
as transition to turbulence takes place. The transition Is 
essentially completed when the Increase in dlffuslvlty with 
Reynolds number again becomes linear. This region for both 
tubes has an upper bound of 2600 to 2700 (see Figures 10 and 
11). This compares favorably with the upper bound of 2750 
given by Senecal and Rothful (35) and the value of 2800 given 
by Prengle and Rothfus (28). 
The linear Increase in dlffuslvlty, after transition is 
complete, agrees with the results of Seagrave (34). He found 
the average radial dlffuslvlty Increased linearly in the 
5^ 
Reynolds number range of 3000 to 7500. A linear Increase is 
also predicted from calculations based on von Karman's veloc­
ity profile. The value of the dlffusivlty at = 3000 
reported by Seagrave, 0.04 cm 2/sec., Is about 50% higher 
than corresponding value of dlffusivlty reported for either 
of the tubes in this work. This was to be expected since the 
diffusion time in this work was small compared to the time 
scale of the turbulence. 
The results of the apparent dlffusivlty measurements for 
the 0.2, 0.3, and 0.5 radius ratio annull are shown in 
Figures 15, l6, and 1? respectively. These results were 
obtained in the same way as reported for the tubes. The 
dlffusivlty values, the RMS errors, and diffusion times for 
the points in each Figure are given In Tables 4 through 6 in 
the Appendix. 
As seen by Figures 15 through 1? the dlffusivlty curves 
for the annull have the same general shape as those for the 
tubes although the Increase In dlffusivlty in the laminar 
region Is not strictly linear. In the case of the 0.2 and 
0.3 radius ratio annular tubes, a jump in dlffusivlty accom­
panied by a change of slope is noted at a Reynolds number of 
approximately 800. This is near the point given by Prengle 
and Rothfus (28) for the first detectable deviation from 
laminar flow In annular tubes. It Is possible that the 
Increase in slope for each curve after this point is due to 
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fusivity for a 0.5 radius ratio annular tube 
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the effect of sinuous motion superimposed upon the bulk flow 
contribution. 
The dlffuslvlty curve for the 0.5 radius ratio annular 
tube (Figure 17) does not have a jump In dlffuslvlty at this 
point but a marked Increase In slope does occur at a Reynolds 
number of 1500. The comparatively large linear Increase after 
this point Indicates some transition from purely laminar flow 
Is taking place In this region. That is, the dlffuslvlty 
Increase Is larger than could be expected from bulk flow 
alone judging by the results for the other tubes and annull. 
This may be an Indication of the spiral motion In the central 
portion of annular tubes in this region of flow noted by 
Prengle and Hothfus (28). 
The region of major transition for the 0.2, 0.3, and 0.5 
radius ratio annull has been Isolated In Figures 18, 19» and 
20 respectively. It Is obvious from these figures where the 
Initial break In the slope of dlffuslvlty curve occurs. How­
ever, unlike tubes, the characteristic critical Reynolds 
number for annular tubes is not well established and appears 
to vary with radius ratio. Therefore, for comparison pur­
poses, the critical Reynolds numbers determined for the 
annular tubes studied in this work together with the available 
critical values reported by other investigators are given in 
Figure 21. 
As shown in Figure 21, the critical Reynolds numbers 
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determined in this work for 0.2 and 0.5 ratio annular tubes 
are in good agreement with other reported critical values. 
The critical value determined for 0.3 radius ratio annulus, 
2813, appears somewhat high but is still within about 8% of 
the critical value reported by Walker, Whan, and Rothfus (43) 
for a 0.33 radius ratio annulus. No plausible explanation 
has been found for this value being high. Measurements of 
the diffusivltles in the transition region were repeated 
eight to ten times so an Imprecise dlffusivity measurement 
should not be the cause. One possible explanation is that 
this tube was somehow better insulated from vibrations which 
initiate transition. This is not likely since all the tubes 
were mounted in the same manner. 
In the same manner as reported for the tubes, the extent 
of the transition region for the annul1 may be estimated from 
the shape of the dlffusivity versus Reynolds number curves 
(see Figures 15 through 1?). The point where transition to 
turbulence Is essentially complete or the upper critical 
Reynolds number for the 0.2 and 0.3 radius ratio annul1 is 
about 3250 while the value for the 0.5 radius ratio annulus 
is near 3IOO. The values for the 0.2 and 0.3 radius ratio 
annuli compare favorably with the upper critical value of 
3300 given by Walker, Whan, and Rothfus (43) for annuli in 
this radius ratio range. 
The critical value for the 0.5 tube was somewhat lower 
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than the critical value of 3350 reported by these authors for 
a 0.5 radius ratio annulus. However, it was not possible to 
estimate accurately the upper critical value for this tube 
since a high degree of uncertainty existed in the diffusivity 
measurements in this Reynolds number range. The uncertainty 
was due primarily to a significant decrease in resolution 
caused by the large signal attenuation due to flow in this 
region. 
The generally good agreement between the critical 
Reynolds numbers determined in this Investigation and those 
obtained by other methods indicates the spin echo NMR tech­
nique is an effective method of studying laminar-turbulent 
transition. This technique offers some advantage over other 
methods in that measurements can be made quickly and simply 
without disturbing the system either chemically or physically. 
The future application of the NMR spin echo technique to the 
study of laminar-turbulent transition in annular tubes would 
provide valuable information on the effect of radius ratio 
upon the critical Reynolds number. 
An interesting potential application for the spin echo 
NIffi technique is the study of transitional flow In slurries 
and suspensions. By utilizing a suspension material which 
would not contribute to the signal (an Inorganic material for 
instance), the effect of the suspension concentration upon 
transition could be determined. The minimum concentration of 
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a particular suspended material required to cause a signifi­
cant shift in the critical Reynolds number could then be 
established. The spin echo technique would have an advantage 
over visual methods of detecting transition in suspensions in 
that notion in the main stream rather than the motion of the 
suspended particles would be followed. 
The NMH approach could also be applied to the study of 
transition in other two-phase systems. The only requirement 
is that at least one-phase be formed of compound containing 
hydrogen so that a spin echo signal would be available, 
Lagrangian Intensity Measurement 
The results of the Lagrangian intensity measurements are 
given in Figure 22 where relative radial intensity values are 
plotted as a function of Reynolds number. The intensity 
measurements at a particular Reynolds number were replicated 
from two to four times with the plotted points representing 
the average value and the arrows indicating the range between 
the high and low measurements. The diffusion time for each 
measurement was three milliseconds. 
For purposes of comparison with other results the inten­
sity values have been reported as the relative intensity at 
the center of the tube. The velocity at the center of the 
tube was not measured but was estimated from the overall 
average velocity using the data of Senecal and Rothfus (35). 
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The results of other Investigators are shown as dashed lines 
because they have been extrapolated from data given at 
Reynolds numbers higher than those studied in this work. 
As seen in Figure 22 the relative intensity values 
obtained in this work compare favorably with those obtained 
from hot-wire anemometer measurements. In order to make a 
more valid comparison it should be remembered that the hot­
wire results represent a point value of intensity while the 
results of this work represent an average over a mass sample. 
No average intensity values over the tube have been 
reported but partial radial intensity profiles were given by 
Sandborn (32) at Reynolds number of 25.000 and 50,000. Esti­
mates of the average intensity across the tube obtained from 
these profiles were about 20% higher than the values given at 
the center of the tube. 
If the hot-wire results are adjusted by this amount a 
reasonably good comparison is still obtained. The results of 
this work would be approximately 20 to 30% lower than those 
of Sandborn (32) and within + 5% of the results of Laufer 
(20) over the range of Reynolds numbers reported. This agree­
ment is particularly good considering that the hot-wire re­
sults were extrapolated from higher Reynolds numbers. 
The results of this investigation do not compare well 
with the Lagrangian intensities obtained indirectly from 
diffusion data by Flint, Kada, and Hanratty (13). However, 
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these workers found that disturbances Introduced in the 
system by a tracer Injector caused an artificial increase in 
the measured intensity values. The proposal was substantiated 
by the results obtained by Mickelson (24). He found close 
agreement between turbulent intensities obtained from diffu­
sion data and those measured with a hot-wire anemometer when 
a smaller injector was used in the diffusion measurements. 
If the results of the 0,81 cm tube are considered the 
relative intensity increases at a slow linear rate with 
Reynolds number. This is the opposite of the expected de­
crease with Reynolds number, A possible cause for this trend 
is that the turbulence may still be developing in the region 
investigated. Hinze (1?) states that turbulence is not fully 
developed below a Reynolds number of 10,000. It would have 
been worthwhile to answer this question by taking data at 
higher Reynolds numbers. However, a Reynolds number of 7500 
was the maximum which could be attained with the present flow 
system so this question could not be resolved. 
Another possible cause for this trend is the bulk flow 
contribution to diffusion. It was considered that for the 
short diffusion time used in the intensity measurements, 
three milliseconds, the bulk flow effect would be negligible. 
However, at the higher Reynolds numbers the distance traveled 
in the pickup coil by the mass sample may become significant 
since the linear velocity is large. However, it should be 
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possible to use very short diffusion times (<1 millisecond) 
at Reynolds numbers higher than those covered In this study 
so that the bulk flow effect could be minimized.-
The relatively good agreement found between the inten­
sity values obtained in this work and those determined by 
hot-wire aneraoraetry establishes the NMH spin echo technique 
as an effective method for measuring turbulent intensities. 
The future application of this technique to the measurements 
of turbulent intensities in water and other suitable liquids 
(many organlcs) would supplement the limited amount of exper­
imental intensity data available for liquids, particularly at 
low Reynolds numbers. The scarcity of data is due primarily 
to the fact that, until recently, hot-wire anemometers could 
not be utilized in the flow of liquids. Specially coated 
hot-film and hot-wire anemometers are now used but problems 
are stilleenoountered at low Reynolds numbers (< 15*000) 
because of poor frequency response (23). 
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CONCLUSIONS AND RECOMMENDATIONS 
Conclusions 
(1) Lagranglan Intensities can be directly determined 
from spin echo NMR observations. This technique offers a 
method of directly following the motion of particles in a 
mass sample and, therefore, the turbulent intensity can be 
calculated from the statistical definition. The spin echo 
technique offers an advantage over other methods since meas­
urements can be made quickly and easily without disturbing 
the system chemically or physically. Relative intensity 
values determined in this work compare favorably with the 
results of hot-wire anemometer measurements, 
(2) The spin echo NMR technique is an effective method 
for determining the point of transition from laminar to turb­
ulent flow in tubes and annuli. Relatively good agreement 
was found between critical Reynolds numbers determined for 
the conduits used in this work and critical values reported 
by other investigators, 
(3) Minor deviations from laminar flow below the crit­
ical Reynolds number cannot be detected with certainty from 
spin echo NMR observations. Bulk flow contributions cause an 
artificial Increase in diffusivity which, in most cases, 
effectively masks any Increased motion due to minor devia­
tions from purely laminar flow. 
(4) The extent of the transitional region of flow can be 
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estimated from the shape of the diffuslvlty versus Reynolds 
number curve. The transition zone is characterized by a 
region of rapidly changing slope in the diffusivity curve 
with the slope becoming constant when transition is complete, 
(5) The diffusivity increase is directly proportional 
to the Reynolds number in the turbulent region of flow for 
each of the conduits used in this work, Diffusivity values 
were low due to the short diffusion time used but the linear 
increase is in agreement with theoretical predictions and 
other experimental results (34). 
Recommendations 
(1) The measurement of Lagrangian intensities should be 
continued with emphasis placed on obtaining data at higher 
Reynolds numbers than those covered in this investigation. 
The required flow rates could be attained by raising the head 
pressure or by using a metering pump of sufficient capacity. 
(2) The study of laminar-turbulent transition should be 
continued. In particular, a study of transition in annuli 
with low and_high radius ratios is recommended, A study of 
this type would provide valuable information on the effect of 
radius ratio on the critical Reynolds number of annuli. 
(3) If the annular tube transition studies are continued 
some effort should be placed in improving the design of the 
tubes and the support structure. A very rigid support struc­
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ture with many vernier clamps to maintain the alignment of 
the inner and outer tubes should be utilized. 
(4) Possible Improvements in the NMR circuitry should 
begin with the video amplifier used to obtain the spin echo 
envelope. Replacement of the pulse programmer used to set 
the delay times should also be considered. 
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NOMENCLATURE 
A(2t) attenuation function for effects other than diffu­
sion, dlmenslonless 
c concentration of In-phase molecules In a mass sample, 
molecules/cm^ 
D molecular diffusion coefficient, cm^/sec 
dg equivalent diameter of a conduit, cm 
di distance mass sample travels In magnetic field before 
entering sample coll, cm 
E amplitude of spin as determined with digital volt­
meter, volts 
EQ amplitude of spin echo when 2T S 0, volts 
G magnetic field gradient, gauss/cm 
g(0l) probability density function for dlmenslonless 
H(t) magnetic field seen by moment at position z(t), gauss 
KQ average strength over sample of fixed magnetic field, 
gauss 
strength of magnetic component of rf signal, gauss 
h(zo) probability density function for ZQ, dlmenslonless 
Jl first order Bessel function 
k generalized diffusion parameter, cm^/sec 
L length of sample coil, cm 
K nuclear spin magnetization, magnetic/cm3 
MQ equilibrium nuclear spin magnetization, magnetic 
moment/cm^ 
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p(#) probability density function for 0, dimenslonless 
R(s) Lagrangian correlation coefficient, dimenslonless 
r^ radius of tube or radius of outer tube of annulus, cm 
r2 radius of inner tube of annulus, cm 
T Lagrangian time scale of turbulence, sec 
spin-lattice relaxation time, sec 
r 
T2 spin-spin relaxation time, sec 
t* time required for R(s) to become zero, sec 
t' any time between 180° pulse and spin echo formation, 
sec 
U average bulk velocity of fluid, cm/sec 
v(t) instantaneous turbulent velocity of particles, cm/sec 
Lagrangian intensity, cm^/sec^ 
Z(t) distance traveled by particles during time t, cm 
2^(t) mean-square distance traveled by particles during 
time t, cm^ 
z(t) Instantaneous position of particle measured from 
center of tube, cm 
Y gyromagnetic ratio of nuclear spin system, gauss"! 
sec"! 
e eddy dlffuslvlty, cmf/sec 
e e + D s apparent dlffuslty, cm^/sec 
n viscosity of fluid, gm/cm sec 
p density of fluid, gm/cm3 
T time between 90° and 180° pulses, sec 
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difference between phase gained by moment In the time 
0 to and phase lost In time to t*, dlmenslonless 
special case of #*, difference between phase lost 
and gained for moment located at z = 0 
0' " 0Q s difference between phase lost and gained 
for any moment relative to a moment located at z = 0, 
dlmenslonless 
component of relative phase due to diffusion, dlmen­
slonless 
mean-square value of 0^ 
resonant angular frequency of moment, sec"^ 
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APPENDIX 
Table 
%e 
263 
544 
829 
1049 
1207 
1359 
1579 
1762 
1 45 
2128 
2312 
2537 
2791 
3002 
3242 
3482 
3721 
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Apparent diffuslvltles for 0.81 cm tube 
2T 
m sec 
Ave "xlO^ 
cm^/sec 
HMS error 
xl05cm2/sec 
% RMS 
error 
22.10 5.28 0.16 3.05 
22.10 9.77 0.27 2.80 
22.10 12.70 0.20 1.64 
22.10 15.52 5.43 35.01 
22.10 24.60 2.22 9.04 
22.10 31.23 0.44 1.40 
19.10 36.13 0.79 2.19 
19.20 40.24 1.27 3.16 
19.20 45.72 1.45 3.18 
19.20 96.37 3.36 3.46 
19.20 178.15 5.89 3.31 
16.00 676.57 80.50 11.90 
16.00 1111.15 69.51 6.26 
16.00 1565.20 32.84 2.10 
16.00 2082.20 18.94 0.91 
16.00 2838.00 260.00 9.16 
16.00 3620.50 67.99 1.88 
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Table 3» Apparent dlffuslvltles for 1.01 cm I.D. tube 
%e 2t 
m sec 
0
 0
 
RMS error 
X 105cm2/sec 
% RMS 
error 
220 22.00 5.64 0.24 4.3 
420 22.00 11.74 0.41 3.5 
639 22.00 18.15 0.77 4.3 
872 22.00 24.95 1.38 5.5 
1043 22.00 29.68 0,78 2.6 
1213 19.50 35.71 0.97 2.7 
1452 19.83 42.15 4.20 9.9 
1691 19.83 54.83 2.57 4.7 
1913 19.83 106.00 19.08 18.0 
2142 19.83 172.36 23.66 13.8 
2370 19.83 446.95 72.72 16.3 
2627 17.50 782.80 39^ 76 5.1 
2827 17.50 1080.60 31.58 2.9 
3055 15.81 1281.00 37.28 2.9 
3283 15.81 1788.60 25.96 1.5 
3512 15.81 2230.20 52.37 2.4 
3740 16.14 2650.00 115.86 4.4 
Table 
%e 
174 
361 
550 
751 
835 
1044 
1250 
1456 
1662 
1859 
2040 
2261 
2433 
2630 
2862 
3023 
3219 
3406 
3605 
3805 
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Apparent dlffuslvltles for 0.2 radius ratio annular 
tube 
2t 
m sec 
Ave ~xlo5 
cm^/sec 
RMS error 
xlO^cnf/sec 
% RMS 
error 
22.2 4,34 0.21 4.8 
22.2 7.57 0.14 1.9 
22.2 10.42 0.11 1.1 
22.2 13.67 0.66 4.8 
18.2 23.82 1.18 4.9 
18.2 31.23 1.30 4.1 
18.4 39.65 1.39 3.5 
18.0 51.88 2.71 5.2 
18.2 52.06 3.59 6.9 
18.4 55.01 2.79 5.1 
18.2 60.34 3.96 6.6 
17.5 69.21 3.99 5.7 
15.7 83.57 1.75 2.1 
15.7 102.43 4.29 4.2 
15.7 160.98 32.08 19.9 
15.7 252.51 24.40 9.6 
15.4 443.46 33.77 7.6 
15.1 857.62 51.78 6.1 
15.1 1203.49 65.00 5.4 
15.1 1565.11 131.92 8.4 
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Table 5. Apparent 
tube 
dlffuslvitles for 0.3 radius ratio annular 
%e 2T 
m sec 
Ave "xlO^ 
cm^/sec 
HNS error 
xlO^cmVsec 
% BMS 
error 
162 21.3 4.51 0.34 7.5 
336 21.3 8.16 0.31 3.8 
512 21.3 10.97 0.56 5.1 
699 21.3 13.74 0.32 2.3 
781 18.4 20.64 3.17 15.4 
937 18.4 34.14 2.73 8.0 
1164 18.4 36.65 1.60 4.4 
1339 18.4 46.10 1.71 3.7 
1534 18.4 50.01 1.85 3.7 
1717 18.4 59.19 1.87 3.2 
1900 18.4 71.17 2.25 3.2 
2106 18.4 76.97 2.26 2.9 
2266 15.8 84.62 3.67 4.3 
2449 15.8 92.93 4.25 4.6 
2632 15.8 84.49 5.63 6.7 
2815 15.8 112.08 4.68 4.5 
2998 15.8 137.50 5.76 4.5 
3172 15.8 425.51 25.44 6.0 
3347 16.0 738.51 44.51 5.9 
3544 16.0 965.84 104.94 10.9 
3735 15.5 1264.96 114.71 9.1 
3927 15.5 1752.36 165.21 9.4 
Table 
141 
292 
445 
606 
677 
844 
1010 
1161 
1328 
1490 
1648 
1827 
1966 
2125 
2283 
2442 
2601 
2752 
2913 
3074 
3226 
3327 
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Apparent dlffuslvlties for 0.5 radius ratio annular 
tube 
2t Ave "xlO^ RMS error % RMS 
m sec cm^/sec xiO^cm^/sec error 
20.4 6.58 0.19 3.0 
20.4 13.57 0.27 2.0 
20.4 27.66 2.78 10.1 
20.4 41.74 3.79 9.1 
20.4 53.66 1.86 3.5 
20.4 67.74 1.59 2.4 
20.4 85.77 2.42 2.8 
20.4 100.36 3.68 3.5 
20.4 146.56 9.65 6.5 
17.5 225.50 23.02 10.2 
17.5 243.90 28.29 11.6 
17.5 297.66 38.20 12.8 
17.5 312.55 17.64 5.6 
17.5 382.50 16.69 4.3 
14.8 396.97 7.53 1.9 
14.8 431.02 30.29 7.0 
14.8 649.35 61.38 9.5 
14.8 897.32 83.64 9.3 
14.8 1028.75 70.70 6.8 
14.8 1557.50 132.97 8.5 
14.8 2374.40 373.59 15.7 
14.8 2914.45 282.19 9.7 
